Abstract. We present the convergent close-coupling formulation for positron scattering from noble gases (Ne, Ar, Kr and Xe) within the single-center approximation. Target functions are described in a model of six p-electrons above an inert Hartree-Fock core with only one-electron excitations from the outer p 6 shell allowed. Target states have been obtained using a Sturmian (Laguerre) basis in order to model coupling to ionization and positronium (Ps) formation channels. Such an approach is unable to yield explicit Ps-formation cross sections, but is valid below this threshold and above the ionization threshold. The present calculations are found to show good agreement with recent measurements.
Introduction
Detailed understanding of positron scattering from atoms, ions and molecules is a difficult task for both theory and experiment. The relative scarcity of positrons compared to electrons makes it harder to develop experimental techniques. From a theoretical viewpoint, the interaction of positrons with matter is fundamentally different from electron interaction. While the absence of the exchange interaction makes the problem seemingly simpler, the addition of a new reaction channel, positronium (Ps) formation, brings a whole new set of problems.
Over the last decade, the development of more efficient positron sources led to renewed interest in positron-atom scattering. Detailed investigations by a number of groups have been performed on positron-helium scattering [1] [2] [3] [4] [5] [6] [7] [8] [9] . More recently, heavier noble gases (Ne, Ar, Kr and Xe) have been studied experimentally. Measurements of the grand total cross section, total ionization, direct ionization and Ps-formation cross sections [10] [11] [12] [13] [14] [15] [16] [17] [18] have been carried out. In addition, elastic scattering differential cross sections have been measured at a number of energies for Kr and Xe [13, 14, 19] .
Previous theoretical work on positron scattering from noble gases (Ne, Ar, Kr and Xe) is mostly limited to various single-channel methods [20] [21] [22] [23] that were applied to the calculation of elastic and grand total cross sections. These methods differ in the account of atomic polarizability and choice of optical potential used to model excitation and ionization channels. Note that no account of Ps-formation channels has been made in the construction of the optical potential. Additionally, positron impact excitation, ionization and Ps-formation cross sections have been calculated within a distorted wave method [24, 25] . We also note the many-body perturbation theory calculations [26] that have been useful in understanding the physics of the positron-atom interactions. None of these calculations show broad agreement with the experimental results, which, in turn, have also shown considerable variation.
A generally accurate account of Ps formation requires theoretical approaches that deal with the two-center (atom and Ps) nature of the collision process. Two-center formulations of the close-coupling (CC) method are the most successful approaches to the study of positron interactions with atoms. The technique relies on the expansion of the total wave function in the set of target states of the atom and Ps, 
3 perform such calculations was made nearly 20 years ago by McAlinden and Walters [29] , who performed truncated coupled-static approximation calculations where only the ground states of the noble gas atom and Ps were retained. A substantial simplification of the two-center CC method is the single-center CC approach. This method drops the second term in equation (1), and is only different by the sign of the projectile charge to the no-exchange CC calculations of electron-atom scattering. The ability of the single-center CC method to capture the physics of positron-atom scattering processes relies on a special choice of the target state expansion. It requires a so-called Sturmian basis that spans both the discrete and the continuous spectrum of the target atom. We would like to note that theoretical methods that make use of a Sturmian basis have been widely applied to electron-atom scattering. Among such methods are various implementations of the R-matrix with the pseudostates method [30] [31] [32] , the J -matrix method [33] [34] [35] and the convergent CC (CCC) method [36] [37] [38] .
The single-center CCC method does not account for Ps-formation channels explicitly. However, continuum-like pseudostates, obtained via Sturmian expansion, can model Psformation channels with high accuracy. For example, it was demonstrated for positron scattering from hydrogen [28] that two-center and single-center CC methods produce the same grand total and total ionization cross sections (TICS). The price one has to pay for simplicity of the singlecenter CC method is the slow convergence in the CC expansion due to the need to have target states with large values of orbital angular momentum. Such calculations are valid for the elastic scattering channel below the Ps-formation threshold, and for all channels above the ionization threshold where excitation of positive-energy states takes into account simultaneously the Psformation and ionization processes. However, in the region between the positronium formation threshold and ionization threshold, the present method fails as open positronium formation channels cannot be modeled via closed positive energy state channels. Given the high ionization thresholds of the noble gases, this approach is quite advantageous for low-energy scattering to determine the scattering length, see, for example, [10, 11] .
The aim of this paper is to present a detailed formulation of positron scattering from the noble gases in the single-center formulation using the CCC method. This represents a major extension of the technique in that the active electron resides in the outer p 6 shell, requiring a very different approach from what was used previously. In the next section, the structure model used to describe the noble gases is presented, and the CC equations are formulated. Some selected results of the calculations are then presented to illustrate the accuracy and capabilities of the method.
Theory
We consider positron scattering from noble gases within the non-relativistic approximation. Single-center formulation of the non-relativistic CCC method has been used to perform scattering calculations. The CCC method has been extensively reviewed in our previous publications [39, 40] ; here we present the relevant details of positron-noble gas scattering.
Noble gas structure calculations
We describe wave functions for the noble gases (Ne, Ar, Kr and Xe) by a model of six p-electrons above an inert Hartree-Fock core. Excited states of noble gases are obtained by allowing one-electron excitations from the p 6 shell. In what follows we consider the more general case of one-electron excitation from a closed-shell atom with the outer shell electron occupying an orbital with angular momentum l 0 , with l 0 = 1 being the case for noble gases. This model is similar to the frozen-core model of helium and can be obtained by setting l 0 = 0 in the present formulation. The helium frozen-core model has been used successfully in CCC calculations of e-He scattering [41] , and this gives us confidence in the present approach.
In order to implement this structure model (taking Ne as an example) we perform calculations in a number of steps. First, we perform self-consistent Hartree-Fock calculations for the Ne + ion and obtain a set of orbitals: 1s, 2s, 2p. We will refer to 1s and 2s orbitals as inert core orbitals and to the 2p orbital as the frozen-core orbital.
The target atom Hamiltonian can be written in the standard form
where N = 4l 0 + 2 is the total number of electrons in the outer shell, V i j is the Coulomb potential, and H i is a quasi-one-electron Hamiltonian of the Ne 5+ ion,
Here K i is the kinetic energy operator and V HF is a non-local Hartree-Fock potential that is constructed using inert core orbitals ϕ c (1s and 2s for Ne)
The Hamiltonian (3) is diagonalized in the basis of Sturmian (Laguerre) functions [42] ,
where L 2l+2 k−1 (2λ l r ) are the associated Laguerre polynomials with λ l being the fall-off parameter, l is the orbital angular momentum and the index k ranges from 1 to N l , the maximum number of Laguerre functions for a given value of the orbital angular momentum l. The result is a set of one-electron functions that satisfy
where δ α,β is the Kronecker delta symbol and α is the one-electron energy. The 2p orbital in the {ϕ α } basis differs substantially from the Hartree-Fock 2p orbital. In order to build a one-electron basis suitable for the description of a neutral Ne atom, we replace the former orbital with the Hartree-Fock one. The basis is then orthogonalized by the Gram-Schmidt procedure. The resulting orthonormal basis is denoted by {φ α } and satisfies
The coefficients e α,β can be trivially obtained from the one-electron energies α and overlap coefficients between the Hartree-Fock 2p orbital and the {ϕ α } basis.
The target states { n } of Ne are described via the configuration-interaction (CI) expansion
The set of configurations { α } is built by angular momentum coupling of the wave function of 2p 5 electrons and one-electron functions from the {φ α } basis. We will refer to the former wave function as the frozen-core wave function ψ c (l 4l+1 0
) and to the latter one as the active electron wave function. The frozen-core wave function has angular momentum l 0 and spin-1/2 and, when coupled with the active electron wave function φ α , leads to a configuration with spin s = 0, 1, orbital angular momentum l (|l α − l 0 | l l α + l 0 ) and parity = (−1) l 0 +l :
where we used the fact that N − 1 = 4l 0 + 1. The antisymmetrization operator A is given by
where P i j is a permutation operator. It is convenient to use the shorthand notation for the frozencore wave function
With this notation an antisymmetric configuration (9) can be written as
The target orbital angular momentum l, spin s and parity π are conserved quantum numbers, and diagonalization of the target Hamiltonian is performed separately for each target symmetry {l, s, π}.
In the construction of configuration (9) we have assumed that the orbital φ α is not the same as the frozen-core orbital (2p). The case when φ α is equivalent to the frozen-core orbital corresponds to a closed shell configuration l 4l+2 0 that has l = 0, s = 0 and π = +1,
The set of configurations { 0 , α } form an orthonormal basis,
In what follows, the relations A A = √ N A and A| 0 = √ N | 0 will be useful. Our next task is to present expressions for the matrix elements of the target Hamiltonian in the basis of antisymmetric configurations (11) and (12). First we consider matrix elements of quasi-one-electron Hamiltonian,
The term (N − 1) l 0 |H 1 |l 0 in equations (13) and (15) is an additive constant, and will be dropped as we require only the energy difference between target states. The remaining terms are given by equation (7). We now turn to the calculation of matrix elements of the Coulomb interaction
After some straightforward but tedious algebra, one can show that
where the direct matrix element is given by
and the exchange matrix element is
Here quantities C kq are related to the spherical harmonics Y kq as
and its reduced matrix element is
is a Clebsch-Gordan coefficient.
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The radial two-electron Coulomb integrals are defined as
The matrix elements involving the 0 configuration are
and
The right-hand side of equation (22) and the second term on the right-hand side of equation (23) are evaluated with the help of equation (17) . The first terms on the right-hand side of equations (16) and (23) are equal. They just lead to a shift of energy, and will be dropped. With matrix elements of the target Hamiltonian (2) in the basis of configurations (11) and (12) evaluated, we solve the standard eigenvalue problem for each target symmetry (total angular momentum l, total spin s and total parity π ), and obtain a set of target states that satisfy
where n is the target state energy. For positron scattering from the ground state (s = 0) of a noble gas atom, only target states with s = 0 can be excited. The size of the calculations can be increased by simply increasing the number of Laguerre functions (N l ). Low-lying states will converge to bound states of the target, while the remaining (pseudo) states will provide an increasingly accurate representation of the target atom high-lying bound states and an increasingly dense square-integrable representation of the target continuum.
Scattering calculations
The total Hamiltonian of the positron and target atom scattering system can be written as
where the index '0' indicates the positron coordinates. The potential V 0 describes the interaction of the positron with the inert core (Ne 5+ )
where
The single-center CCC method solves the Schrödinger equation
where E is the total energy of the scattering system, by expanding the total scattering wave function in a large set of target states
n (r 0 ) is a positron channel function. Substituting the expansion (29) in the Schrödinger equation (28) leads to a set of coupled Lippmann-Schwinger equations,
The T -matrix is defined to be
and the potential V is given by
where U is an arbitrary short-ranged distorting potential. The final calculated T -matrix should be independent of the choice of U . We note that matrix elements in equation (30) are diagonal in the positron and target atom spin quantum numbers. Hence, we have dropped all spin notation. The positron continuum waves |k may be plane (U = 0) waves, or distorted waves as solutions of the following equation:
A convenient choice for U is
where gs is the ground state wave function of the target atom. In the partial-wave expansion
where u L (k, r ) are real regular solutions of equation (33) . We solve the coupled Lippmann-Schwinger equations for the T matrix by expanding (30) in partial waves J of the total orbital angular momentum and parity . The reduced V (or T ) matrix elements are defined by
Here we use the coupled angular momentum form for the positron-atom wave function
The multipole expansion of the potential (32) is given by
Calculation of the reduced matrix elements of the potential V can be performed with the help of standard techniques of angular momentum algebra. As a first step we use the CI expansion (8) to express these matrix elements via matrix elements for configurations
Next we use the multipole expansion of the potential (38) to obtain
Here the coefficients A λ and B λ are given by
We note that for the case involving 0 configuration (α = α = 0) the above expressions simplify to
The Lippmann-Schwinger equation for the reduced T -matrix is solved by reducing it to a set of linear equations [40] . The resulting T -matrix is used to obtain scattering amplitudes and cross sections for the transitions of interest.
Results
We have performed CCC calculations of positron scattering from noble gases using CC expansions that are detailed in table 1. The maximum value of the target orbital angular momentum was chosen to be l max = 8, which was sufficient to obtain convergence in the scattering calculations (where they are formally valid). As we have discussed earlier, an account of Ps-formation channels in single-center CC calculations relies on an adequate discretization of the target continuum. This suggests a Sturmian basis (5) with relatively small exponential fall-off parameters (more diffuse functions). On the other hand, representation of the boundstate spectrum invites a Sturmian basis with larger exponential fall-off parameters (shortrange functions), particularly for the heavier atoms. The way for us to satisfy these competing requirements is to increase the number of Sturmian functions N l used in the diagonalization. This has the consequence of increasing the CC expansion as we go from lighter to heavier noble gas atoms. One measure of the accuracy of the structure model we use in the CCC calculations is the comparison of calculated and observed ionization energies that are presented in table 2. The CCC result for helium was also obtained within the frozen-core model. Such a model produces a similar level of accuracy for all of the considered targets.
Another important requirement for the target state basis is the ability to obtain the correct value of static dipole polarizability, which can particularly influence the scattering results at the lower energies. We adjust the polarizability arising in the frozen-core model by utilizing a model polarization potential that modifies the dipole term of the electron-electron Coulomb potential using the following expression [43, 44] :
The dipole part of the positron-electron Coulomb potential is modified similarly using −V pol (r 0 , r j ). The above modification of the Coulomb potential requires calculation of the optical oscillator strength using the modified expression for the dipole-length transition operator [45, 46] 
The static dipole polarizability can be obtained as
where f n is the optical oscillator strength for the transition to the state n from the ground state, n is the corresponding excitation energy, and summation is over both negative and positive energy 1 P states. We take α to be the experimental value as given in table 3, and the parameter ρ is chosen to yield this experimental value of α d in the CCC structure model, equation (48) . We have no ab initio reason to choose α as we have, and have done so simply to reduce the number of free parameters from two (α and ρ) to one (ρ). Note that a major part of the polarizability comes from the continuum part of the spectrum. This signifies the importance of performing an adequate discretization of the target continuum.
The effect of the static dipole polarizability at the lower energies is well illustrated in figure 1 , where differential cross sections for elastic scattering of positrons from the ground state of Xe are presented. At low energies of 1 eV the present CCC calculations are in good agreement with the relativistic optical potential (ROP) calculations of McEachran et al [14] . Both of these theoretical models have a static dipole polarizability in good agreement with experiment [14] . This contrasts with the polarized-orbital calculations of Sin Fai Lam [21] who has used a less accurate account of atomic polarizability.
At the higher positron energy of 15 eV, which is above the Ps-formation threshold, we find substantial differences between CCC and ROP with the CCC results in better agreement with the experiment. Here the major difference between CCC and ROP is in the account of the Psformation channel within the CCC method (when above the ionization threshold). Interestingly, the account of such additional reaction channels leads to an enhancement of forward scattering.
The grand total cross sections for positron scattering from Ne, Ar, Kr and Xe are presented in figure 2 . This cross section is a sum of elastic, excitation, direct ionization and Ps-formation cross sections. For all target atoms the cross sections have similar features. They have a plateau at the presented larger positron energies and a minimum at low energies below the Ps-formation threshold. This minimum is very sharp for Ne and becomes progressively shallower for the heavier noble gas atoms. The sharp minimum for Ne TCS at low energies is due to a minimum in S-wave scattering while all higher partial wave cross sections are negligible and, therefore, it is an example of a Ramsauer-Townsend minimum. At very small energies the cross section rises very sharply, indicating the existence of a virtual level for the positron. We note also the rapid rise of the cross sections as Ps-formation channels open.
There is some scatter in the experimental data for grand total cross sections. Similarly, previous theoretical calculations (all of them are single-channel methods) show large variations depending on the accuracy with which the polarization potential is modeled. See [12] [13] [14] for detailed discussions and note only that here the CCC calculations are in very good agreement with the measurements taken by the ANU and Trento groups. The region between Ps-formation and ionization thresholds where the single-center CCC method cannot describe the scattering has been excluded from the calculations.
The interaction of positrons with atoms at low energies is of particular interest. The possibility of positron binding to atoms has been investigated theoretically in [58] (see also [59] for a useful discussion). It depends on the interplay of short-range electrostatic repulsion from the atomic center and long-range attraction due to the polarization potential. In addition, for noble gases the virtual Ps-formation channels produce effective short-range attraction. The scattering length a is useful in understanding the physics of the scattering process at low energies. Repulsive potentials lead to a positive scattering length, while attractive potentials lead to a negative scattering length. In calculations, the sign and absolute value of the scattering length can be easily obtained from the low-energy behavior of the S-wave phase shifts
where k is the positron momentum. For low-energy positron scattering from noble gases the overall interaction potential is attractive as can be seen from the scattering length values presented in table 4. As we go from the lighter Ne atom to the heavier Ar, Kr and Xe atoms the scattering length grows in absolute value significantly. This is consistent with a large increase in the static dipole polarizability, see [10] [11] [12] [13] [14] [48] [49] [50] [51] [52] [53] [54] [55] [56] [57] . The present theory is labeled as CCC, and the other theory is from [22, 23] . 
is very large. This can be seen in figure 3 where we present calculations performed at the energies where the cross section converges to the constant value given by the equation (50) . We find good agreement between the present CCC calculations and MBPT results of [60] for all the considered noble gas atoms, while the agreement with the POM of [61] is less satisfactory, particularly for Xe. Recent experimental estimates, with the aid of the CCC theory, of the scattering length by Zecca et al [10, 11] are in good agreement with all of the theoretical values. Given the sensitivity of the calculated scattering length to the static dipole polarizability, it is necessary to have this correct, but unfortunately this is not sufficient. In our case we utilized equation (45) to yield the required polarizability in a phenomenological way. By Table 4 . Scattering length (a.u.) for Ne, Ar, Kr and Xe atoms. Polarized orbital model (POM) calculations are from [61] , many-body perturbation theory (MBPT) calculations are from [60] and experiments (aided by the CCC calculations) are from [10, 11] . Grand total cross section for positron scattering from Ne, Ar, Kr and Xe. Experiments are due to the ANU [12] [13] [14] and Trento [10, 11] groups. changing the parameters we are able to yield the same polarizability, but different cross sections. Consequently, there is some uncertainty associated with the presented results. Relaxing the frozen-core model is considerably more difficult than in the helium case [41] , but is necessary for reducing the uncertainty of the scattering length calculations. Away from low energies the sensitivity to the choice of parameters in equation (45) diminishes. The single-center CCC method allows us to obtain an estimate of the TICS from the excitation cross sections for positive-energy states. Note that the CCC-calculated TICS is nonzero only above the ionization threshold by construction, while the experimental TICS is a sum of direct ionization and Ps-formation cross sections. In figure 4 , we present a comparison of the CCC results with the TICS values measured in [16] , as well as direct ionization cross sections measured in [17, 18] , and Ps-formation cross sections measured by the UCSD [15] and ANU [12] [13] [14] groups. The sharp rise of the CCC-calculated TICS at the ionization threshold is in contrast with the threshold behavior of TICS for electron-atom scattering, which behave more like the measured direct ionization cross sections presented in figure 4 . The reason for Figure 4 . Total Ps-formation, direct ionization and ionization (sum of the other two) cross sections for positron scattering from Ne, Ar, Kr and Xe. The experimental data are from [12] [13] [14] [15] [16] [17] [18] . The present CCC calculations are described in the text.
the rapid rise is that just above the ionization threshold the calculated TICS is dominated by Ps formation, which is already very large. At energies below the ionization threshold, the experimental TICS values are the Ps-formation cross sections. There is slight variation between the several experimental data sets for the Ps-formation and direct ionization cross sections. Consequently, it is difficult to say if the systematic overestimation of the experiment by the CCC theory is a reflection of the structure approximations. We note that the calculated TICS include only single-electron ionization from the outer p-shell, while experimental results also include ionization from the inner orbitals. The small discrepancy may be related to the normalization of the data of [16] at large energies to the electron-impact ionization cross sections of [62] . Previous normalization to the measurements of [63] leads to higher experimental TICS values and better agreement with the CCC results.
Finally, we note that a comparison of figures 2 and 4 shows that the TICS are roughly a factor of two less than the corresponding TCS. For electron scattering there is at least an order of magnitude difference in the same (low to intermediate) energy region. This is of course due to the attractive nature of the positron-electron interaction. So while the term 'inert gas' is certainly appropriate for interactions with electrons, these targets are as reactive as any other for interactions with positrons.
Conclusions
We have developed a single-center CCC method for positron scattering from noble gases. The target structure is modeled as six p-electrons above an inert Hartree-Fock core. Only oneelectron excitations from the outer p 6 shell are considered. The use of a Sturmian basis makes it possible to take into account ionization and Ps formation at energies above the ionization threshold. Virtual effects at energies below the Ps formation are also accurately treated, allowing for the estimation of the scattering lengths. The overall agreement with experiment is very encouraging.
Future development of the method will aim to take into account Ps-formation channels directly via a two-center CC expansion. Relativistic generalization of the method will also be considered, which should be advantageous in investigating the positron impact on the heavy noble gases (Xe, Rn). A more accurate structure model that relaxes the frozen-core approximation is also desirable and will be adopted in the near future.
